Signal to Noise for an FFT Antenna array

Dave McGinnis
October 12, 2009

Noise Distribution

In addition to the amplifier noise voltage, the sky signal also has characteristics of a
thermal noise signal. In the frequency domain, the voltage can be described by a real and
imaginary part from which the amplitude and phase can be calculated.

Vz = Vzgr + jVZX (1)

Over many measurements, the mean value of the real and imaginary parts of a noise voltage is
zero. However, the spread in the distribution is not zero and can be represented by a Gaussian
distribution as shown in Figure 1 and Figure 2. Since the power is given by the magnitude
squared of the real and imaginary parts of the voltage, the amplitude squared of the Gaussian
distributions will produce an exponential distribution for the power as shown in Figure 3. The
mean and the standard deviation of an exponential distribution are equal to each other.

Up = Op = kTAf = O'RZ + GXZ (2)
So that:
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Figure 1. Example distribution many measurements of the real and imaginary parts of a noise
voltage
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Figure 2. Histogram of the real(red) and imaginary(blue) parts of the distribution shown in
Figure 1.
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Figure 3. Histogram of power distribution calculated from the voltage distribution shown in
Figure 1.



Array Voltage
The voltage from received by a single antenna feed in an FFT array is

V(X' ¢) = \/%3()(! ¢) ' E(X: 4)) (4)

where Rt is the termination resistance, n is the free space wave impedance, E is the incoming
electric field, a is the antenna feed gain which has units of square root area, and

x = sin(0) (5)

where 6 is the angle of incidence of the incoming wave onto the antenna array and ¢ is the
azimuthal angle. The electric field can be rewritten as:

E(x §) = \/m3(x ) (6)
where s has units of square root power/area. The antenna feed voltage becomes:
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For a linear antenna array, the voltage at element n is
) —ipnd Y
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where d is the spacing between antenna feeds, A is the wavelength, v, is the noise voltage from
the amplifier located at the nth feed. By phase shifting the signal between antenna feeds a beam
can be formed with its center at:

kA
Sll’l(ek) =Xk = Na (9)
where N is the total number of feeds. The voltage of this beam is given as:
N-1
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To get the total voltage from all the sources in the sky, Equation 7 is integrated over the entire
sky:

1
_JR_T_ L do _fl N dx (11)

For the purpose of this paper, assume a single point source:
$(x, d) = 8,8(x —x,)8(d — Pp) (12)

VkT Z( § ]21Tn 2Xp + > j2my Tk (13)
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The total voltage becomes:

Noise Distribution of Array Power
The power in this beam is:
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The auto-correlation term of the above equation is:
N-1 2
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To remove the effects of the amplifier noise, the auto-correlation term can be subtracted off:
2
Vi
APy = Vieol” P, (16)
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The mean and the variation of the above equation can be determined by examining the number of
independent pairs or baselines. The numbers of independent pairs of terms are:

N, = %N(N -1) 17)
Since the amplifier noise is uncorrelated with other amplifiers, the mean of Equation 16 is:
ta = 2N, 3y - 3, ° (18)
The standard deviation does depend on the noise product of amplifiers
Oax = 2Np[3, - 3| + \/lekaA + \/ZT\IPBP 3, |KTa (19)

Where the amplifier noise has been written as:

The noise to signal becomes:
OAk _ 1 kTA 1 kTA
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Two Dimensional Array

Assuming that the array is made of N. cylinders in which each cylinder has a width W, and a
length L.. In each cylinders there are N¢ feeds spaced a distance df apart. The number of
baselines along the length of the cylinder is:

(21)

1
Np; =5 Ne(N¢ — 1) (22)
The number of baselines of cylinders is:
1
Ny = ENC(NC -1) (23)
The mean of the signal is:
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Mak = 2Np 2N, [3, - 3| (24)

The standard deviation is:

Gax = 2N2Ny, [3, - 3| + /szf /ZNpC(kTA + |3, - 3p|/KTa) (25)

The noise to signal becomes:
o 1 kT kT
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Approximation of Pixel Signal Strength

The flux per polarization is given as:
KTs(sin(0), )

IGsin(0), §) = ——3 (27)

The power density for a pixel is given as:

kT, (sin(0), d) . .
S = | 9 KL ysinco)) (28)
Adpix ASin(GpiX)
The pixel size in declination is:

Asin(0 _ A2 29
sin( pix)—ryl—w (29)

In case the cylinder packing is not uniform, there is a maximum cylinder location N, so that the
resolution in the azimuthal direction is:

A
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q)plX NL chl (30)
Equation 33 becomes:
S =[S = 31
pix = |Spix| = NN Wend; (31)
The effective area of a feed can be written as:
Af=|§f|2 = hchyl (32)
For a feed composed of an infinitely short dipole:
So that the signal received by a single feed from a single pixel is:
Lo, 2 1 h
Spifo=|af ) Spixl = NN, d_f KT (34)
Using Equation 31, the noise to signal becomes:
oac . heTaN, \/ NNy th Ty N, 1
Wak  de TgNe [(N — 1)(N- —1) = |d; Ts N¢ (35)
Hak s Ts Ne |(Ne — D(N; — 1) 7 s C\/(Nc—l)(Nf—l)
In the limit of a large number of feeds,
1 by NNy
ATy =T+ Ty |—— (36)
sT s T A pfdfj(NC—1)(Nf—1)

If the signal is averaged over many measurements (M)



NN
T5+TA1hf\/ 2l

prir |(Ne — D(N; —1) (37)
AT, =
S \/M
where the number of measurements is given by:
M = 1 Af (38)

where Ty is the integration time and Af is the resolution bandwidth. The temperature resolution
becomes:



